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Abstract
We propose an approach to the problem of low but finite temperature dynamical correlation
functions in integrable one-dimensional models with a spectral gap. The approach is based on
the analysis of the leading singularities of the operator matrix elements and is not model specific.
We discuss only models with well defined asymptotic states. For such models the long time, large
distance asymptotics of the correlation functions fall into two universality classes. These classes
differ primarily by whether the behavior of the two-particle S matrix at low momenta is diagonal
or corresponds to pure reflection. We discuss similarities and differences between our results and
results obtained by the semi-classical method suggested by Sachdev and Young, Phys. Rev. Lett.
78, 2220 (1997).
PACS numbers: 71.10.Pm, 72.80.Sk
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I. INTRODUCTION
In this paper we discuss the problem of finite temperature time-dependent correlation
functions in integrable models. We do not consider here one-dimensional models with gapless
linear spectra, for which there exists a general solution: the Matsubara n-point correlation
functions at finite temperature can be obtained from the corresponding T = 0 correlators
by a conformal transformation. Instead we focus on models with spectral gaps. Finite
temperature dynamics for that class of models is not yet fully understood. The spectral
gap, M , provides an energy scale separating the high temperature (T >> M) and low
temperature (T ≪ M) regimes. In the former regime the leading order physics reduces
to that of a conformal field theory at high temperatures. We thus concentrate on the low
temperature regime T ≪M . In this limit we will argue that the relevant physics is governed
by the zero momentum limit of the interactions between excitations in the theory. These
interactions reflect the integrable nature of the models: the N-particle scattering matrix
is a product of the two-particle ones. It is known that the zero momentum limit of the
two-particle scattering matrix, S(0), in an integrable system can be either diagonal, as it
occurs, for instance, in the quantum Ising model, or equal to the permutation operator. The
latter alternative is realized for the solitons of the sine-Gordon model at general values of
the coupling constant. This dichotomy suggests the existence of two universality classes for
the low temperature dynamics. As we will demonstrate in this paper, this expectation is
met for a class of order parameter-like operators.
The most advanced methods of evaluating correlation functions for integrable models
with spectral gaps are based on the form factor technique (see [1, 2, 3] for reviews). This
technique allows one to calculate matrix elements (form factors) of the operators between
the exact eigenstates entering the Lehmann expansion for the correlation functions. At finite
temperature this Lehmann expansion for the two-point correlation function of the operator,
O, has the following form:
GO(x, t) =
1
Z Tr(e
−βHO(x, t)O(0, 0))
=
∑
nsn
e−βEsn 〈n, sn|O(x, t)O(0, 0)|n, sn〉∑
nsn
e−βEsn 〈n, sn|n, sn〉
2
=∑
n,sn;m,sm
e−βEsn 〈n, sn|O(x, t)|m, sm〉〈m, sm|O(0, 0)|n, sn〉∑
nsn
e−βEsn 〈n, sn|n, sn〉 . (1)
Here the state, |n, sn〉, denotes a set of n-particles carrying quantum numbers, {sn}. The final
expression in the above involves a double sum. The first sum appears as a sum weighted
by Boltzmann coefficients while the second sum arises from inserting a resolution of the
identity between the two fields. The two-point correlation function has thus been reduced
to a question of computing and summing form factors.
The form factor approach turns out to be highly effective for T = 0 two-point functions.
This is particularly so in computing spectral functions where at finite energies the sum corre-
sponding to that above reduces to an expression with a finite number of readily computable
terms. However, its generalization to multi-point functions, as well as for T 6= 0 faces dif-
ficulties caused by singularities that appear in the needed form factors [1]. In this paper
we propose a method of summation of these singularities that is suited to the extraction of
the long distance, long time, low temperature asymptotics of the correlation functions. In a
particular case, our results reproduce the semi-classical formulae obtained in Refs. [5, 6, 21].
In other instances, we find divergences between our formulae and those derived using the
semi-classical methodology proposed in Refs. [5, 6, 21].
The outline of the paper is as follows. In Section II we consider the simplest of the
integrable models, the Ising model. Using expressions obtained in Ref. [10] from a lattice
analysis of this model, we analyze the asymptotics of the spin-spin correlation functions. In
doing so we are able to cast the spin-spin correlation function in a form nearly identical to
what would be found using the Lehmann expansion. We take this similarity as instructive: it
both indicates how to handle singularities that appear in the Lehmann expansion and it tells
us how to proceed with more general integrable models. Thus in the next section, Section
III, we generalize our computations to arbitrary integrable models. We find two universality
classes of behavior. One class of behavior is reminiscent of the Ising model. Here we find no
discrepancies between our approach and that of the semi-classical approach. For the second
universality class we find novel scaling behavior that is not reproduced semi-classically. We
consider the implications of these two universality classes for the physics of the sine-Gordon
model in Section IV. We conclude our paper with a brief discussion of the results.
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II. FINITE TEMPERATURE SPIN-SPIN CORRELATION FUNCTIONS IN THE
ISING MODEL
To understand how to deal with the singularities that appear in the Lehmann expansion,
we first turn to the quantum Ising model. In the following section we will extend our
approach to other integrable models.
We first review the basics of the model. The Hamiltonian, H , of the Ising model is
equivalent to a Hamiltonian of noninteracting massive fermions
H =
∑
n
[−Jσznσzn+1 + hσxn] ≡
∑
n
[−hµzn−1/2µzn+1/2 + Jµxn] ≡
∑
p
ǫ(p)F+p Fp;
ǫ(p) =
√
(J − h)2 + 4Jh sin2(p/2), (2)
where µzn+1/2 =
∏
j<n σ
x
j is the disorder operator and F, F
+ are fermion annihilation and
creation operators. The fermions represent walls between domains with different orientations
of the magnetization and so are to be thought of as solitons.
Calculations simplify in the continuum limit, when the spectral gap M = |J −h| is much
smaller than the bandwidth ∼ J and the spectrum is relativistic ǫ(p) =
√
c2p2 +M2, c2 =
Jh. In this case, energy and momentum of a quasi-particle are conveniently parameterized
by a rapidity, θ, (cp = M sinh θ). Then the eigenstates of Hamiltonian (2) are labeled by
sets of rapidities, {θi}, such that the energy and momentum of the system are equal to
E =M
n∑
i=1
cosh θi, P = c
−1M
n∑
i=1
sinh θi. (3)
Below we set c = 1. Operators σz and µz (we will call them σ and µ) have infinitely many
matrix elements. By Lorentz invariance, the form factors depend on rapidity differences [4]:
〈θ1, ...θn|σ|θ′1, ...θ′m〉 = AM1/8
∏
i<j
tanh(θij/2)
∏
p<q
tanh(θ′pq/2)
∏
i,p
coth[(θi − θ′p ± iǫ)/2], (4)
where at h < J (the ordered phase) n + m is even for σ and odd for µ (for h > J it is
the other way around). Here θij = θi − θj and A is a known numerical constant. The
singularities in (4) appear as soon as some in and out rapidities coincide. Singularities of
this kind are known as kinematical poles and appear routinely in integrable models. There
are operators however where the matrix elements are free of singularities. In the Ising model
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such an operator is the energy density operator,
σx(x) =
∑
k
e−iqxγ(k)γ(k − q)FˆkFˆq−k, Fˆk = Fˆ+−k, γ(k) =
√
1 + k/ǫ(k). (5)
We will not in general consider the correlation functions of such operators in the paper
(although see Section IVc). We can say however their long time, large distance behavior
will generally be ballistic.
A. Possible Approaches
In the Ising model the form factors are known explicitly and it has been a common belief
that their analysis would lead to a better understanding of the general problem. Several
approaches to the problem of the singularities that appear in the Lehmann expansion are
possible:
• One can try to regularize the singularities by considering a finite system. Understand-
ing the singularities as arising from an infinite sized system has been advocated both
in Ref. [17] and in Ref. [9]. In the Ising case it is clear how this regulation would
proceed. In the infinite system the singularities arise when the momenta of the in
and out states coincide. However if the system is treated as on a ring of finite size,
the in and out states must be quantized differently. The spin operator in the Ising
model connects the Ramond and Neveu Schwarz sectors of the Hilbert space. In the
Ramond sector, the fermionic modings are periodic while in the Neveu Schwarz sector
they are anti-periodic. (These features of the Ising model Hilbert space are reviewed
in Ref. [8].) Thus at finite system size the momenta simply cannot coincide and
the expressions are singularity free. However the summation of form factors is then
discrete not continuous. To the best of our knowledge no one has then succeeded in
explicitly performing the necessary double summation.
• In a similar spirited approach, one can interchange imaginary time and space axes
using a Wick rotation. The finite T Matsubara Green’s functions of the infinite system
then become zero temperature correlators for a system on a circle of circumference,
1/T . While the corresponding form factor expansion is manifestly free of singularities,
one faces the problem of calculating form factors and excitation energies in a system
5
of finite size. For the Ising model this was achieved in Ref. [10]. The two-point
correlation functions of σ’s and µ’s were obtained rigorously in the form of series.
Below we use these series to extract the long time and distance asymptotics of the
dynamical correlation functions.
• One can calculate correlations by re-expressing them as the determinant of an integral
operator of the Fredholm type. In this way results were obtained for the spin-1/2 XX
magnet [12] and the Bose gas [13]. For a general exposition on this methodology see
Ref. [14].
• Exploiting determinantal expressions of the matrix elements arising from explicit ex-
pressions for the Bethe eigenfunctions, Refs. [15, 16] have obtain expressions for the
zero temperature correlation functions in the Heisenberg XXZ chain. It is likely this
approach can be readily extended to finite temperature computations.
• In an approach adopted in Ref. [9] one can imagine treating the computation of cor-
relation functions at finite temperature in terms of a renormalized ‘thermal’ vacuum
and a renormalized set of ‘thermal’ excitations. The computation of correlation func-
tions then proceeds in a fashion similar to that of the zero temperature calculation
but with the form factors obeying a revised set of axioms. More recently, the notion
of a thermal vacuum was explored in the work of Ref. [11].
• The sole method that does not trade on the underlying integrability of the models
of concern was suggested by Sachdev and Young [5] in the form of a “renormalized
classical” approach valid at finite T and long time. The result for the causal correlation
function of the spin field in the ordered phase valid for T ≪M is
D(x, t) ≡ 〈σ(t, x)σ(0, 0)〉 = CM1/4 exp
[
−
∫
dp
π
e−ǫ(p)β|x− t∂ǫ(p)
∂p
|
]
, (6)
where ǫ =
√
M2 + p2 ≈ M + p2/2M and C is a numerical constant. This expression
suggests that the typical correlation length scales as t. One can approximate (6) as
D(x, t) ≈ C exp[−n(T )max(|x|, v|t|)] where v = √πT/2M is the thermal velocity of
kinks and n(T ) =
√
TM/2πe−M/T is the average number of solitons (fermions). For
the case of the Ising model, we show below that Eq. (6) also follows directly from the
form factor approach using the results of Bugrij [10].
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• The final possible approach involves attacking directly the double sum Lehmann ex-
pansion (Eqn. 1) through the use of infinite volume form factors. To understand how
this is to be done in general, we employ the series expansions from Ref. [10] which will
provide the necessary clues to understanding the singularity structure in this case.
B. Long space and time asymptotics of the spin-spin correlation function
In the section we use the results of Ref. [10] to understand the asymptotics of the spin-
spin correlation function in the Ising model. From this we will be able to follow a natural
path to generalizing these results to integrable models at large.
The result for the Matsubara Green’s function of the Ising model order parameter field
obtained in Ref. [10] is
〈σ(τ, x)σ(0, 0)〉 = (7)
CM1/4e−2|x|n(T )
{
1 +
∞∑
N=1
T 2N
(2N)!
∑
q1,...q2N
2N∏
i=1
e−|x|ǫi−iτqi−η(qi)
ǫi
∏
i>j
(
qi − qj
ǫi + ǫj
)2}
,
where τ is imaginary time,
n(T ) =
∫
dp
2π
e−βǫ(p) ≈
√
TM/2πe−M/T , (8)
is the soliton density, q = 2πTm (m integer), and ǫ(q) =
√
M2 + q2. The term in the
exponent,
η(q) =
2ǫ(q)
π
∫ ∞
0
dx
ǫ2(q) + x2
ln coth[βǫ(x)/2], (9)
at T ≪ M is exponentially small and will be neglected from hereon. The symmetry breaking
transition at T = 0 leads to a finite magnetization, 〈σ〉 = ±[CM1/4]1/2. This is reflected
in the zeroth order term in Eq. (7). We see that this expression for the correlator has the
form of a zero-temperature Lehmann expansion: the sum over N represents intermediate
states with N particles while the sum over the qi’s are momentum sums for a given set of
N particles. The rightmost term in Eq. (7) can then be interpreted as a finite volume form
factor squared. We can see that the correlation function, Eq. (7), is periodic in τ , as it must
be. The entire expression can then be thought of as a Wick rotation of a computation done
in the picture with periodic boundary conditions in the space direction.
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FIG. 1: The integration contours in the θ plane. The circles are poles at θ = ipi/2 +
sinh−1(2pinT/M).
The correlation function of the disorder parameters can be presented in a similar fashion,
〈µ(τ, x)µ(0, 0)〉 = (10)
CM1/4e−2|x|n(T )
∞∑
N=0
T 2N+1
(2N + 1)!
∑
q1,...q2N+1
2N+1∏
i=1
e−|x|ǫi−iτqi−η(qi)
ǫi
∏
i>j
(
qi − qj
ǫi + ǫj
)2
,
where now we have a sum over an odd number of q’s.
Eqs. (7) and (10) are well placed to rewrite the correlation functions as an expansion in
powers of exp[−βM ]. Focusing on the order-parameter correlation function, we rewrite Eq.
(7) representing the N -th terms in Eq. (7) as a sequence of contour integrals:
1
N !
∫
C
dθ1
eτ cosh θ1+ix sinh θ1
eβ cosh θ1 − 1 ...
∫
C
dθN
eτ cosh θN+ix sinh θN
eβ cosh θ1 − 1
∏
i>j
tanh2[(θi − θj)/2], (11)
with the contour C shown on Fig. 1. One can deform this contour into the superposition
C → Clow+Cup, where Clow lies just above real axis while Cup corresponds to ℑmθ = π−0.
As a result one obtains a sum of particle (lower contours) and anti-particle (upper contours)
contributions:
N∑
n=1
1
n!(N − n)!
∫ n∏
i=1
dθif(ǫi)e
τǫi+ixpi
N−n∏
j=1
dθ′jf(ǫj)e
(β−τ)ǫj−ixpj ×
∏
i>k
tanh2[(θi − θk)/2]
∏
j>p
tanh2[(θ′i − θ′p)/2]×
∏
i,p
coth2[(θi − θ′p + i0)/2], (12)
where f(ǫ) = [eβǫ−1]−1 is the Bose distribution function and p = M sinh θ, ǫ =M cosh θ. In
Eq.(12), n and N −n are numbers of particles and antiparticles. Note that the singularities
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of the form factors are now removed from the real axis to one side of the contour, as was
suggested in Ref. [17]. A formula similar to Eq. (12) was proposed in Ref. [18]. However,
there is a noticeable difference: the distribution functions turn out to be of the Bose type,
although the quasi-particles of the Ising model are fermions.
To obtain the casual Green’s functions, one has to replace τ with it. From now on we will
be interested in the behavior of the Green’s functions at longest real times t ≫ M−1 and
|x| ≫ M−1. Only those terms in Eq. (12) which contain both particles and antiparticles
are singular. The leading contribution to the Green’s function in each order comes from the
vicinity of each singularity. Each θin carries the thermal exponent e
−βM ≪ 1. It is thus
sufficient to restrict the summation in Eq. (12) by terms with equal numbers of in and out
rapidities, each in rapidity θi being close to one of the out rapidities θ
′
j . There are n! ways
to choose a pair for each θi; this factor cancels one of the n! terms from the denominator of
Eq. (12). The integral over the difference θi − θ′j can be evaluated with the resulting series
summing up to the exponent,
〈σ(x, t)σ(0, 0)〉 = CM1/4θ(t)e−2|x|n(T ) exp[R(t, x)], (13)
where
R(t, x > 0) =
1
π2
∫
dθ1dθ2e
−βM(1+θ21/2)
eiMt(θ
2
1−θ
2
2)/2+iMxθ12
(θ12 + i0)2
=
Me−βM
π
∫
dθe−βMθ
2/2 [|x| − |x− θt|] .
This result reproduces the semi-classical computation found in Eq. (6).
We now turn to how this result determines how we should proceed in the case of general
integrable models.
III. THE GENERAL CASE: TWO UNIVERSALITY CLASSES
The form of Eq. (12) has a form intimately related to the double summed Lehmann
expansion of Eq. 1. Apart the bosonic distribution function f(ǫ) (unimportant in the limit
T ≪ M), Eq. (12) looks for all intent purpose as those subset of terms in Eq. 1 involving
form factors (as given by Eq. 4) of exactly N particles or excitations. This then implies that
the double summed Lehmann expansion is tractable. Or put another way, we can generalize
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to correlation functions involving an operator O in other integrable models by using Eq.
(12) with the Ising model form factors replaced by the form factors of O. At temperatures
much smaller than the gap, we replace the distribution functions by Boltzmann exponents.
The asymptotics of the correlation function is then determined solely by the behavior of the
form factors in the vicinity of the kinematic poles. As we have already pointed out, the
existence of kinematic poles is a general consequence of the theory of form factors [1] rather
than a specific feature of the Ising model. These poles are due to annihilation processes
and occur when rapidities of a particle and an anti-particle coincide. The behavior of form
factors in the vicinity of the poles divide all integrable models into two universality classes.
Accordingly the resolution of the problem of singularities should not be model-specific.
Consider a generic matrix element of operator O:
FO(θi, a|θ˜i b) = 〈θ1, . . . , θn|O|θ˜1, . . . , θ˜m〉a1,...an;b1,...bm, (14)
where θi and θ˜j are rapidities and ai and bj are isotopic indices of in and out particles. One
can express the form factor (14) in terms of canonical matrix elements. Let FOirr be the
irreducible part of FO given by the connected diagrams. Only this part is necessary for our
calculations done to lowest order in exp(−Mβ). According to Refs. [17, 18, 19], FOirr is equal
to the matrix element between the vacuum and a certain excited state of n +m particles:
FO(θi, a|θ˜i, b)irr = 〈0|O|θ˜1, . . . , θ˜m;−iπ + θn ± i0, · · · ,−iπ + θ1 ± i0〉b1,...bm;a¯n,...a¯1; (15)
where a¯ indices are obtained from a ones by charge conjugation. The choice of whether the
small imaginary part, i0, is positive or negative determines the exact form of the disconnected
parts (here ignored) of the form factor in Eq. (14).
The axiom for the annihilation poles in the standard formulation is expressed in terms
of the form factors of the type
FOa1,...,an(θ1, . . . , θn) = 〈0|O|θn, ...θ1〉an,...,a1 . (16)
Namely, as was shown in Ref. [1] (see also Ref. [3] in review), these form factors have poles
at θn − θj = iπ, j < n, and the residues satisfy the following relation (see Fig. 2):
iResθn=θn−1+iπFOa1,...,an(θ1, θ2, . . . , θn) = FOa′1,...,a′n−2(θ1, . . . , θn−2) (17)
×Can,a′n−1
[
I− e2πiϕan,OSa′n−1,a′1τ1,a1 (θn−1 − θ1)
( n−3∏
i=2
S
τi−1,a′i
τi,ai (θn−1 − θi)
)
S
τn−3,a′n−2
an−1,an−2(θn−1 − θn−2)
]
.
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FIG. 2: A graphical representation of Eq. (17) written in terms of the irreducible form factors in
Eq. (14) (the rectangles). The up arrows represent rapidities θ˜i, while the down ones correspond
to the rapidities −ipi + θj. Circles at the intersections of the solid lines represent two-particle S
matrices.
Here S is the two-particle scattering matrix, C is the charge conjugation matrix, and ϕa,O
is the semi-locality index between the particle creation operator A†a and O. We will define
this index later.
To demonstrate how Eq. (17) can be used to extract the most singular behavior of the
form factors, we combine it with (14) to obtain the following behavior of two- and three-
particle form factors at the poles:
〈θ, a|O|θ1, b〉 = − i(1− e
2πiϕb,O)
θ1 − θ ± i0 〈0|O|0〉δa,b + disconnected part; (18)
〈θ1, a1; θ2, a2|O|θ, a〉 = −i
δa,a2δa1,a′1 − ei2πϕa,Oδa,a′2S
a¯′2,a¯
′
1
a¯2,a¯1 (θ2 − θ1)
θ − θ2 ± i0 〈0|O|θ1 − iπ, a¯
′
1〉
−iδa,a′1S
a¯′2,a¯
′
1
a¯2,a¯1 (θ2 − θ1)− ei2πϕa,Oδa,a1δa2,a′2
θ − θ1 ± i0 〈0|O|θ2 − iπ, a¯
′
2〉
+ disconnected part. (19)
Now it is appropriate to define the index ϕ. We will call two operators, O1 and O2, mutually
non-local if the Euclidean correlator 〈. . .O1(r)O2(0) . . .〉 is a multi-valued function of r. In
particular, if under analytic continuation z → ze2πi, z¯ → z¯e−2πi (z = τ+i x and z¯ = τ− i x),
the correlator acquires only a phase, 2πϕ1,2, the two operators are called semi-local. The
remarkable advantage of this definition is that the index ϕ1,2 can be evaluated at small
distances, where all correlation functions have a simple power law form.
From Eq. (18) it follows that an operator O with a finite vacuum expectation has
annihilation poles only if ϕa,O is not an integer, that is when O is non-local. For instance, σ
and µ in the Ising model are non-local with respect to the fermions (they acquire a phase, π,
after circling around the fermions in the τ−x plane). However, if the operator can create an
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odd number of particles, the annihilation poles may appear provided the S matrix is non-
trivial. For instance, the vector field n in the O(3) nonlinear sigma model belongs to the
later category. Its form factors do have annihilation poles, although its vacuum expectation
value is zero [1].
We proceed with the calculation of the most singular parts of the form factors. We will do
it explicitly for operators with 〈0|O|0〉 6= 0. The maximal singularities come from the matrix
elements which contain equal numbers of in and out particles. The contributions from all
other matrix elements contain additional powers of either exp[−βM ] or exp[−itM ]. Since
form factors with different order of rapidities are related to one another (Refs. [1, 2, 3]),
it is sufficient to know the residues for one particular arrangement. For the form factors of
the type in Eq. (14), we focus on the residues at the poles at θi = θ˜i. In this case one can
use the crossing symmetry of the S-matrix and obtain from Eq. (17) the relation for the
residues of (14). This allows the convenient graphical representation of Fig. 2.
At this point, the computation divides itself into two cases. Each case marks out a
separate universality class. We deal with each in turn.
A. Ising-like Universality Class
In the first case, Ising-like behavior results. This occurs if either of following conditions
hold
1. The S matrix is diagonal.
2. The S matrix is not diagonal, but the semi-locality index, ϕa,O = 1/2, a = 1, . . . , α, is
independent of the particle index, a.
In these cases the residue is diagonal in the isotopic indices: ai = bi. For the diagonal S-
matrix this is obvious. For the case ϕ = 1/2 with a non-diagonal S-matrix, some additional
reasoning is required. Namely, one needs to apply Eq. (17) in successive steps. For the first
step we obtain the residue in the two-particle form factor. This yields Eq. (18) diagonal in
the isotopic indices. Then we use this result to calculate the coefficient at [(θ1−θ˜1)(θ2−θ˜2)]−1
in the four-particle form factor FO(θ1 − iπ ± i0, θ2 − iπ ± i0, θ˜2, θ˜1)a¯2a¯1b2b1 . As follows from
Eq. (17), the S-matrices enter into the expression for this coefficient in the vicinity of the
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double pole in the combination
S
a¯′2,a¯
′
1
a¯2,a¯1 (θ21)S
a′2,a¯
′′
1
b2,a¯′1
(iπ + θ21) = S
a¯′2,a¯
′
1
a¯2,a¯1 (θ21)S
b¯2,b¯1
a¯′2,a¯
′
1
(−θ21) = δa1,b1δa2,b2 . (20)
Here we have used the crossing symmetry and unitarity of the S-matrices. As we see, this
residue is again diagonal in the isotopic indices and equal to (−i)2(1− e2πiϕ)2 = −4.
Thus for these two cases, it is clear that a multiple application of formula (17) yields the
main singularity for general n as
FOsing(θ1, . . . , θn; θ˜1, . . . , θ˜n) = (−i)n
∑
Pi
(1− e2πiϕa,O)n
n∏
i=1
(θi − θ˜Pi ± i0)−1〈0|O|0〉;
= (−2i)n
∑
Pi
n∏
i=1
(θi − θ˜Pi ± i0)−1〈0|O|0〉, (21)
where the sum includes all permutations of {1, ...n}. The result for the correlation function
of operators, O, with finite vacuum expectation values is then essentially the same as Eq.
(6) but with
exp[−βǫ]→
α∑
j=1
sin2(πϕj) exp[−βǫj ] =
α∑
j=1
exp[−βǫj ], (22)
where the sum runs over isotopic indices of the excitations.
B. Non-Ising Like Universality Class
When both the S-matrix is non-diagonal and the semi-locality index, φa,O, is not simply
±1/2, the behavior of the correlators is considerably more complex. Attendantly, the calcu-
lations are more difficult due to the fact that ϕa depends on the particle index. Nevertheless
the maximal residue can be calculated, although only at small rapidities (in the given con-
text, that is all we need). We take advantage of the fact that in integrable models with a
non-diagonal S-matrix, the S matrix has the universal limit S(θ→ 0) = −P (the permuta-
tion operator). This limit corresponds to a pure reflection. In general the crossover to pure
reflectivity occurs at some model-dependent scale θ0. It may happen that this scale is much
smaller than one; then universal dynamics occurs only for T ≪ Mθ20 < M when rapidities
|θ| ≪ θ0 determine the expressions for the correlation functions. At these temperatures, one
can replace all S-matrices by permutation operators which leads to simplifications in Eq.
(17) (see Fig. 3):
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FIG. 3: A graphical representation of Eq. (17) for S=P.
As we see from Fig. 3, the isotopic indices of in and out particles must coincide. This
allows us to simplify the notational representation of the form factor:
Resθi=θ˜iF irr(θ1, . . . , θn; a1, ...an|θ˜n, ...θ˜1; an, ...a1) ≡ (−i)nf(a1, ...an)〈0|O|0〉.
Then the equation depicted in Fig. 3 becomes
f(a1, ...an) = f(a2, ...an)− eiφanf(a1, ...an−1). (23)
This recurrence relation can be solved explicitly with the result
f(a1, ...an) =
n∑
k=1

(1− eiφk)(−1)(n−k) exp
(
i
n∑
j=k+1
φj
)
 n− 1
k − 1



 , (24)
where φa ≡ 2πϕa,O.
In this case the correlator, 〈O(x, t)O(0, 0)〉, takes the form
〈O(x, t)O(0, 0)〉 = 〈O〉2
∞∑
n=0
1
n!
∑
ai
|f(a1, . . . , an)|2
∫
dθ1
2π
· · · dθn
2π
dθ˜1
2π
· · · dθ˜n
2π
× exp
[
− βM
n∑
j=1
cosh(θ˜j)
]
× exp
[
iMt
n∑
j=1
(cosh(θj)− cosh(θ˜j))− iMx
n∑
j=1
(sinh(θj)− sinh(θ˜j))
]
× 1
2n
n∑
k=0
Ckn
k∏
q=1
1
(θq − θ˜q − i0)2
n∏
p=k+1
1
(θp − θ˜p + i0)2
, (25)
where Ckn = (
n
k
). Again this expression arises either from using the form factors of O in
conjunction with Eq. (12) or directly from the double summed Lehmann expansion (Eq.
(1)).
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Notice the particular arrangement of double poles in Eq. (25). As we have indicated
the irreducible part of the form factor leaves certain ambiguity in whether to deform the
poles into the upper or lower half plane. At present we have not been able to resolve this
ambiguity. The advantage of this particular choice of poles is that the integral can be
straightforwardly evaluated (under the same assumption as before that the most important
contribution comes from small θi and θ˜i). The result is
〈O(x, t)O(0, 0)〉 = 〈O〉2
∞∑
n=0
(−S(x, t))n
22nn!
∑
ai
|f(a1, . . . , an)|2, (26)
where
S(x, t) =
M
π
e−Mβ
∫
dθe−
Mβ
2
θ2|x− tθ|. (27)
We now turn to the computation of the residues, f(a1, . . . , an), of the poles. To simplify
the discussion, we will consider only the case where the excitation spectrum of the theory
constitutes a doublet: a = σ = ±1. This situation includes many important models, in
particular the sine-Gordon model. In that case the semi-locality index of operator O with a
soliton/anti-soliton equals ±φ. We have, for instance,
f(++) = (1− eiφ)2, f(+−) = 2(1− e−iφ), f(−+) = 2(1− eiφ), f(−−) = (1− e−iφ)2.
In this case Eq. (24) reduces to
∑
σi=±1
|f(σ1, ...σn)|2 = 2n+2 sin2(φ
2
)
{
Cn−12n−2 + 2 sin
2(
φ
2
)
∑
k>j
Ck−1n−1C
j−1
n−1(− cosφ)k−j−1
}
. (28)
To evaluate the sum, k < j, we rewrite it as follows:
2
∑
k>j
Ck−1n−1C
j−1
n−1(− cosφ)k−j−1 =
1
cos(φ)
Cn−12n−2 −
1
cosφ
n∑
k,j
Ck−1n−1C
j−1
n−1(− cosφ)|k−j|;
≡ 1
cos(φ)
Cn−12n−2 − Γ. (29)
For cos(φ) > 0, we use the identities
cos(φ)|k−j| =
1
π
∫ ∞
−∞
dω
δ
ω2 + δ2
eiω(k−j);
∞∑
m=−∞
δ
4(ω +mπ)2 + δ2
=
1
8
sin2(φ)
sin2(ω) cos(φ) + sin4(φ/2)
, (30)
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where δ = − ln cosφ, to rewrite Γ as
Γ =
22n−4
π cos(φ)
∫ π
0
dω sin2n−2(ω)
sin2(φ)
sin2(ω) cos(φ) + sin4(φ/2)
. (31)
If we finally use the identity to write the combinatorial factor, Cn−12n−2, in a similar integral
form
Cn−12n−2 =
22n−2
π
∫ π
0
dω(cos(ω/2))2n−2, (32)
we can, using Eq. (27), represent the correlator as
〈O(x, t)O(0, 0)〉 = 1
2π
∫ π/2
0
dω exp [− 2S(x, t) sin2(ω)] sin
2(φ)
sin2(ω) cos(φ) + sin4(φ/2)
. (33)
It turns out that this relation holds even if cos(φ) < 0. To establish this we must use instead
the identity
∞∑
m=−∞
δ
4(ω +mπ)2 + δ2
=
1
8
sin2(φ)
cos2(ω) cos(φ) + sin4(φ/2)
. (34)
where now δ = − ln | cos(φ)|. We point out that as φ→ π, the expression for the asymptotics
of the correlator (Eq. 33) reproduces the result for the Ising universality class.
At x = 0 Eq.(33) coincides with the correlation function obtained from the recent semi-
classical analysis in Refs.[6, 21]. Both these papers explicitely assume that the two-particle
S-matrix is equal to the permutation operator [22]. At finite x however, the semiclassical
formulae are generically at variance with ours. In particular, at t = 0 the semi-classical
analysis rightly yields exponentially decaying correlation functions. This discrepancy pre-
sumably originates from a different arrangement of poles in Eq.(25). We hope to resolve
this problem in a subsequent publication. As far as this paper is concerned, we will restrict
the discussion to x = 0 correlation functions.
IV. LOW TEMPERATURE CHARGE DYNAMICS IN THE SINE-GORDON
MODEL
To provide an example of a physical problem which can be solved by the method developed
in this paper, we consider the problem of charge counting statistics in the sine-Gordon model.
The Lagrangian corresponding to this theory is
L = 1
16π
(∂µΦ)
2 −m2 cos(γΦ). (35)
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The cosine term is relevant at γ < 1. The conserved soliton charge is defined as
Q =
γ
2π
∫
dx∂xΦ. (36)
Therefore Q(x, t) = (γ/2π)[Φ(x, t)− Φ(x, 0)] is the charge that has passed through a point
x during time t. One can calculate the probability distribution function of Q(x, t) using the
results for the correlation function of operators exp[iηΦ]. In this case ϕ± = ±(η/γ).
The sine-Gordon model is a good example to study as it encompasses both universality
classes as γ is varied. At the so-called reflectionless points γ2n = 1/(n + 1), n > 1, the
sine-Gordon model model has a diagonal S matrix. At these points the model belongs to the
same universality class as the Ising model. Away from these values of γ, the soliton-soliton
scattering is not diagonal and the model falls into the second universality class (although for
operators e±iΦγ/2 where the semi-locality index is ±1/2 we revert to the Ising universality
class). In this case the physics is governed by the second universality class provided we are
at a sufficiently low temperature. The rapidity scale governing this crossover is
θ0 ≈ ν
2
cosh−1 ( cos(
2π
ν
) + 2| sin(π
ν
)|),
where ν = γ2/(1−γ2). If γ is close to one of the reflectionless points, i.e. γ2 = 1/(n+1)+δ,
the crossover rapidity simplifies to
θ0 ∼ n+ 1
n
√
πδ.
The corresponding temperature at which the crossover occurs is T ∗ ∼ πM (n+1)2
2n2
δ.
We now consider the counting statistics present in the sine-Gordon model when it falls
into each of the two universality classes.
A. Counting statistics at the reflectionless points
At γ2 = 1/(n + 1) we are in the Ising-like universality class. The correlation function
then takes the form, as follows from Eq. (22),
〈eiηΦ(x,t)e−iηΦ(0,0)〉 = C2(γ, η) exp
[
−2 sin2(πη/γ)
∫
dp
π
e−ǫ(p)β|x− t∂ǫ(p)
∂p
|
]
, (37)
where ǫ(p) is the soliton energy and the factor C(γ, η) is equal to the vacuum expectation
value of exp[iηΦ]. This formula remains valid even for γ2 6= (n + 1)−1 provided η = γ/2.
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The quantity C(γ, η) was calculated in Ref. [23]:
C(γ, η) =
[
aMΓ(1/(2− 2γ2))Γ((2− 3γ2)/(2− 2γ2))
4
√
π
]2η2
×
exp
{∫ ∞
0
dy
y
[
sinh2(2ηγy)
2 sinh(γ2y) sinh y cosh[(1− γ2)y] − 2η
2e−2y
]}
. (38)
Here we have assumed that the correlator, 〈eiηΦ(x,t)e−iηΦ(0,0)〉, satisfies the short distance
normalization,
〈eiηΦ(x,t)e−iηΦ(0,0)〉 ∼ 4a
η2
|x− y|4η2 ,
where a−1 is the effective cutoff in the theory. M ∼ m1/(1−γ2) is the soliton mass. In the
field theory limit, Ma≪ 1, and so the η dependence in Eq. (38) is dominated by the term
(Ma)2η
2
. Thus the magnitude of the propagator has a strong maximum at small η.
We now examine the generating functional 〈exp[iωQ(x, t)]〉. This is given by
〈eiωQ(x,t)〉 = 〈eiwγ2pi Φ(x,t)eiwγ2pi Φ(x,0)〉
= C(γ,
wγ
2π
)2 exp
[
− 2 sin2(ω
2
)
∫
dp
π
e−βǫ(p)|t∂pǫ(p)|
]
. (39)
In the limit of large time the above integral finds its predominant contribution at small ω.
We then can write
〈eiωQ(x,t)〉 = (αaM)(ωγpi )2 exp
[
− ω2|t|/τ0
]
, (40)
where we have written C(γ, wγ
2π
)2 ∼ (αaM)(ωγpi )2 for some constant α and where 1/τ0 =
(T/π)e−M/T .
The Fourier transform of Eq. (40) then yields a Gaussian distribution function for the
charge,
P (Q˜) ≡ 〈δ(Q˜−Q)〉 =
∫
dωe−iωQ˜〈eiωQ(x,t)〉
∼ σ−1/2 exp
[
−Q˜2/4σ
]
, (41)
where σ = (t/τ0) +
γ
π2
ln[1/(αaM)].
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B. Charge counting statistics at γ2 6= 1/(n + 1)
Here we consider the sine-Gordon model when it falls into the second universality class.
As we have already mentioned, at γ2 6= 1/(n+1) there is a crossover temperature T ∗ below
which one can replace the S-matrix of slow solitons by the permutation operator. Then we
may use Eq. (33), finding that
〈eiωQ(x,t)〉 = C2(γ, wγ
2π
)
1
2π
∫ ∞
0
dω exp[−4ω2t/τ0] φ
2
ω2 + φ4/16
. (42)
The Fourier transform of this expression, after some manipulation, can be written as
P (Q˜) = πt¯1/2
∫ ∞
−∞
dy
e−
Q˜2
4(A+|y|)
−y2/t¯√
A+ |y| , (43)
where t¯ = t/τ0 and A =
γ2
π2
ln(a−1/(αM)). At small times, the integral sees its main
contribution at small y, thus allowing us to write
P (Q˜)t¯≪1 ≈ π
3/2
√
2A
exp
[
− Q˜
2
4A
(
1− Q˜
2t¯
32A3
)]
. (44)
In this case the distribution is that of a static Gaussian in Q˜ with small time dependent
corrections. At large times we can evaluate this integral in the saddle point approximation
which yields
P (Q(t))t¯≫1 ∼
( 1
t¯Q˜2
)1/6
exp
[
− 3
25/3
( Q˜
t¯1/4
)4/3]
. (45)
The reader may notice that quantum fluctuations play a significant role in modifying the
Gaussian distribution of the counting statistics seen in the simpler Ising-like reflectionless
case.
V. CONCLUSIONS
In this paper we have found universal expressions for the asymptotics of correlation func-
tions of order parameter operators. These operators have T = 0 nonzero vacuum expectation
values thus breaking some discrete symmetry present in the theory. We restricted our con-
sideration to theories with well defined asymptotic particle states (this excludes such models
as the super sine-Gordon or the O(2N+1) Gross-Neveu model). Among such models, we
have found two characteristic types of order parameter dynamics. One type appears in the
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models with either diagonal S-matrices (these include, among other models, the quantum
Ising model and the sine-Gordon model at the reflectionless points) or for operators of non-
diagonal theories with trivial semi-locality factors. These dynamics essentially coincide with
the semi-classical dynamics described in [5]. Another type of dynamics is described by Eq.
(33) and appears in the models where the zero momentum S-matrix corresponds to pure re-
flection and the order parameter has a non-trivial semi-locality factor. Here the asymptotics
of correlation functions, as determined by the form-factors, coincide with the semi-classical
expressions found in Refs. [6] and [21] only at x = 0. We believe the origin of this difference
is in the particular choice of the formfactor regularization. We hope to settle this problem
in a subsequent publication.
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